We investigate several types of linear codes constructed from two familiesS q and R q of maximal curves over finite fields recently constructed by Skabelund as cyclic covers of the Suzuki and Ree curves. Plane models for such curves are provided, and the Weierstrass semigroup H(P ) at an F q -rational point P is shown to be symmetric.
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Introduction
In [17, 18] Goppa described a way to use algebraic curves to construct linear error correcting codes, the so called algebraic geometric codes (AG codes). The construction of an AG code whose alphabet is a finite field F q requires that the underlying curve is F q -rational and involves two F q -rational divisors D and G on the curve.
In general, to construct a good AG code over F q a curve X with low genus g with respect to its number of F q -rational points is required. In fact, from the Goppa bounds on the parameters of the code, it follows that the relative Singleton defect is upper bounded by the ratio g/N, where N can be as large as the number of F q -rational points of X not in the 1 support of G. Maximal curves X over F q attain the Hasse-Weil upper bound for the number of F q -rational points with respect to their genus, |X (F q )| ≤ q + 1 + 2g √ q, and for this reason they have been used in a number of works. Examples of such curves are the Hermitian curve, the GK curve [14] , the GGS curve [12] , the Suzuki curve [8] , the Klein quartic when √ q ≡ 6 (mod 7) [37] , together with their quotient curves. Maximal curves often have large automorphism groups which in many cases can be inherited by the code: this can bring good performances in encoding [27] and decoding [19] . Good bounds on the parameters of one-point codes, that is AG codes arising from divisors G of type nP for a point P of the curve, have been obtained by investigating the Weierstrass semigroup at P . These results have been later generalized to codes and semigroups at two or more points; see e.g. [5, 6, 22, 23, 30, 34, 35] .
AG codes from the Hermitian curve have been widely investigated; see [10, [24] [25] [26] 44, 46, 47] and the references therein. Other constructions based on the Suzuki curve and the curve with equation y q + y = x q r +1 can be found in [36] and [42] . More recently, AG Codes from the GK curve have been constructed in [2, 4, 11] .
In this work we investigate several construction of linear codes starting from certain maximal curvesR q andS q which were recently constructed by Skabelund [43] as cyclic covers of the Ree and Suzuki curves. In particular, we construct codes of the following types:
• Multi point AG codes with many automorphisms (Section 3);
• Dual codes of one-point AG codes and the Feng-Rao minimum distance (Section 4);
• AG quantum codes (Section 5);
• weak Castle codes (Section 6);
• AG convolutional codes (Section 7);
To this aim, some geometrical information onR q andS q is needed, which is collected in Section 2.4. After recalling some known facts from the literature ( [16, 43] ), we also prove that forR q andS q the Weierstrass semigroup at the unique infinite place is symmetric, and we deduce that the F q -rational places are Weierstrass points. We also provide new plane models both forR q andS q .
Preliminary results
Curves and codes
Let X be a projective, geometrically irreducible, nonsingular algebraic curve of genus g defined over the finite field F q of size q. The symbols X (F q ) and F q (X ) denote the set of F q -rational points and the field of F q -rational functions, respectively. A divisor D on X is a formal sum n 1 P 1 + · · · + n r P r , where P i ∈ X (F q ), n i ∈ Z, P i = P j if i = j. The divisor D is F q -rational if it coincides with its image n 1 P q 1 + · · · + n r P q r under the Frobenius map over F q . For a function f ∈ F q (X ), div(f ) and (f ) ∞ indicate the divisor of f and its pole divisor. Also, the Weierstrass semigroup at P will be indicated by H(P ). The Riemann-Roch space associated with an F q -rational divisor D is L(D) := {f ∈ X (F q ) : div(f ) + D ≥ 0} and its dimension over F q is denoted by ℓ(D).
Let P 1 , . . . , P N ∈ X (F q ) be pairwise distinct points and consider the divisor D = P 1 + · · · + P N and another F q -rational divisor G whose support is disjoint from the support of D. If G = αP , α ∈ N, P ∈ X (F q ), the AG codes C(D, G) and C ⊥ (D, G) are referred to as one-point AG codes. Let H(P ) be the Weierstrass semigroup associated with P , that is H(P ) := {n ∈ N 0 | ∃f ∈ F q (X ), (f ) ∞ = nP } = {ρ 0 = 0 < ρ 1 < ρ 2 < · · · }.
Denote by f ℓ ∈ F q (X ), ℓ ≥ 1, a rational function such that (f ℓ ) ∞ = ρ ℓ P . For ℓ ≥ 0, define the Feng-Rao function
is a lower bound for the minimum distance d(C ℓ (P )) of the code C ℓ (P ), called the order bound or the Feng-Rao designed minimum distance of C ℓ (P ); see [21, Theorem 4.13] . Also, by [21, Theorem 5.24] , d ORD (C ℓ (P )) ≥ ℓ + 1 − g and equality holds if ℓ ≥ 2c − g − 1, where c = max{m ∈ Z : m − 1 / ∈ H(P )}. A numerical semigroup is called telescopic if it is generated by a sequence (a 1 , . . . , a k ) such that
• gcd(a 1 , . . . , a k ) = 1;
see [31] . The semigroup H(P ) is called symmetric if 2g − 1 / ∈ H(P ). The property of being symmetric for H(P ) gives rise to useful simplifications of the computation of d ORD (C ℓ (P )), when ρ ℓ > 2g. The following result is due to Campillo and Farrán; see [3, Theorem 4.6] .
Proposition 2.1. Let X be an algebraic curve of genus g and let P ∈ X (F q ). If H(P ) is a symmetric Weierstrass semigroup then one has
for all ρ ℓ+1 = 2g − 1 + e with e ∈ H(P ) \ {0}.
The automorphism group of an AG code C(D, G)
In the following we use the same notation as in [13, 28] . Let M N,q ≤ GL(N, q) be the subgroup of matrices having exactly one non-zero element in each row and column. For γ ∈ Aut(F q ) and M = (m i,j ) i,j ∈ GL(N, q), let M γ be the matrix (γ(m i,j )) i,j . Let W N,q be the semidirect product M N,q ⋊Aut(F q ) with multiplication
Let Aut Fq (X ) denote the F q -automorphism group of X . Also, let
where G ′ ≈ D G if and only if there exists u ∈ F q (X ) such that G ′ − G = (u) and u(P i ) = 1 for i = 1, . . . , N, and
where |G| = {G + (f ) | f ∈ F q (X )} is the linear series associated with G. Note that
2.3 The Suzuki curve S q and the Ree curve R q For s ≥ 1 and q = 2q 2 0 = 2 2s+1 , the Suzuki curve S q over F q is defined by the affine equation
, has genus q 0 (q − 1) and is maximal over F q 4 . The automorphism group S(q) := Aut(S q ) of S q is isomorphic to the Suzuki group 2 B 2 (q). We state some other properties of S(q); see [15] for more details.
• S(q) has size (q 2 + 1)q 2 (q − 1) and is a simple group.
• S(q) is generated by the stabilizer
of the unique place centered at the infinite point of S q , together with the involution φ : (x, y) → (α/β, y/β), where α := y 2q 0 + x 2q 0 +1 and β := xy 2q 0 + α 2q 0 .
• S(q) has exactly two short orbits on S q . One is non-tame of size q 2 + 1, consisting of all F q -rational places; the other is tame of size q 2 (q − 1)(q + 2q 0 + 1), consisting of all F q 4 \ F q -rational places. The group S(q) acts 2-transitively on its non-tame short orbit, and the stabilizer S(q) P,Q of two distinct F q -rational places P and Q is tame and cyclic.
For s ≥ 1 and q = 3q 2 0 = 3 2s+1 , the Ree curve R q over F q is defined by the affine equations
has genus 3 2 q 0 (q − 1)(q + q 0 + 1) and is maximal over F q 6 . The automorphism group R(q) := Aut(R q ) is isomorphic to the simple Ree group 2 G 2 (q). We state some other properties of R(q); see [40] and [43] .
• R(q) has size (q 3 + 1)q 3 (q − 1).
• R(q) is generated by the stabilizer
of the unique place centered at the infinite point of R q , together with the involution φ : (x, y, z) → (w 6 /w 8 , w 10 /w 8 , w 9 /w 8 ), for certain polynomial functions w i ∈ F 3 [x, y, z].
• R(q) has exactly two short orbits on R q . One is non-tame of size q 3 + 1, consisting of all F q -rational places. The other is tame of size q 3 (q − 1)(q + 1)(q + 3q 0 + 1), consisting of all F q 6 \ F q -rational places. The following constructions are due to D. Skabelund [43] . LetS q be the curve defined over F q by the affine equationsS q :
where m = q − 2q 0 + 1, q 0 = 2 s and q = 2q 2 0 , with s ≥ 1. The curveS q can be seen as a degree-m Kummer extension t m = x q + x of an ArtinSchreier extension y q + y = x q 0 (x q + x) of the projective line. In particular,
where P ∞ is the only infinite place ofS q and F q = {α 1 = 0, α 2 , ..., α q }. Also, g(S q ) = q 3 −2q 2 +q 2 . The set of F q -rational places ofS q has size q 2 + 1 and consists of the places centered at the affine points ofS q lying on the plane t = 0, together with P ∞ . These places correspond exactly to the F q -rational places of S q . The automorphism group Aut(S q ) ofS q admits the following subgroups:
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• A cyclic group C m generated by the automorphism τ : (x, y, t) → (x, y, λt), where λ ∈ F q 4 is a primitive m-th root of unity; C m is the Galois group of the coverS q → S q .
• A group LS(q) lifted by S(q) and generated by the automorphismsψ a,b,c (a, b, c ∈ F q , a = 0) together with an involutionφ. Here,ψ a,b,c (x, y) := ψ a,b,c (x, y) andψ a,b,c (t) := δt, where δ m = a. Similarly,φ(x, y) := φ(x, y), andφ(t) := t/β (see [43, Section 3] ).
The full automorphism group Aut(S q ) ofS q was computed in [16] and is a direct product S(q) × C m , whereS(q) ∼ = S(q). Also, Aut(S q ) has exactly two short orbits: one short orbit O 1 has size q 2 + 1 and coincides withS q (F q ); the other short orbit O 2 has size |S(q)|, and hence the stabilizer in Aut(S q ) of a place in O 2 has order m. The contribution to the different divisor of every element in Aut(S q ) is also described, as summarized in the following lemma. • o(σ) = 2, i(σ) = m(2q 0 + 1) + 1, and i(στ k ) = 1 for all k = 1, . . . , m − 1;
• o(σ) | (q − 1), i(σ) = 2, and i(στ k ) = 2 for all k = 1, . . . , m − 1;
• o(σ) | (q + 2q 0 + 1), i(σ) = 0, and i(στ k ) = 0 for all k = 1, . . . , m − 1;
• o(σ) | (q − 2q 0 + 1), i(σ) = 0, i(στ j ) = 4m for exactly one j ∈ {1, . . . , m − 1}, and i(στ k ) = 0 for all k ∈ {1, . . . , m − 1} \ {j}.
Denote by P (a,b,c) the unique place centered at the affine point of coordinates (a, b, c) of S q and by P ∞ the place centered at the unique infinite point ofS q . Define the functions z := y 2q 0 + x 2q 0 +1 and w := xy 2q 0 + z 2q 0 , which satisfy z
(w) = (q 2 + 1)(P (0,0,0) − P ∞ ), while v P∞ (z) = −(q 2 − q + 2q 0 ) and v P (0,0,0) (z) = m(2q 0 + 1). In particular,
as already noted in [43] . We show that H(P ∞ ) is symmetric. This property will be used in the next sections to the construction of codes.
Theorem 2.5. The Weierstrass semigroup H(P ∞ ) at P ∞ is symmetric.
Proof. Consider the plane curve C defined by t m = x q + x, and the p-group G 1 ≤ Aut(C) of order q of translations (x, t) → (x + a, t), t ∈ F q . Then the quotient curve C/G 1 is rational ([20, Lemma 12.1 (iii)(g)]) and the poleP ∞ of t on C is the unique place which ramifies in [29, Lemma 62 ]; see also [33, Page 36] . Now consider the curveS q , which is an Artin-Schreier extension y q + y = x q 0 (x q + x) of C; the Galois group G 2 ofS ∐ → C is a p-group of order q. SinceS q is an F q 4 -maximal curve and G 2 is a p-group, there exists exactly one place which ramifies inS q → C; see [20, Lemma 11.129 and Section 11] . This place is P ∞ , as P ∞ is totally ramified in over F q (x). Therefore, by [ We provide a plane model forS q as follows.
Theorem 2.7.
A plane model of degree q 2 forS q is given by the equation F (y, t) = 0, where
The coordinate functions y and t of this model are exactly the coordinate functions y and t of the model (1).
Proof. By direct computation,
ThenS q has a plane model F 1 (y, t) = 0, where F 1 is an absolutely irreducible factor of F (y, t).
, let Z be the homogeneous coordinate in the yt-plane, and with abuse of notation denote by P ∞ also the point ofS q at which the place P ∞ is centered. Consider the intersection multiplicity I P∞ (F ∩ Z) of the curve F (Y, T ) = 0 with the plane Z = 0 at the point P ∞ . From Equation (3),
As P ∞ is the only intersection point of F (Y, T ) = 0 with the plane at infinity Z = 0, this implies that F 2 (Y, T ) is a constant in F q . Hence, F (y, t) is absolutely irreducible and the claim is proved.
A cyclic extension of R q
LetR q be the curve defined over F q by the affine equations
, where m = q − 3q 0 + 1 with q 0 = 3 s , q = 3q 2 0 = 3 2s+1 , s ≥ 1. As for the curveS q , from the theory of Artin-Schreier and Kummer extensions we obtain the principal divisors of its coordinate functions x, y, z, t:
where P ∞ is the only infinite place ofR q and F q = {β 1 = 0, β 2 , . . . , β q }. The genus ofR q is 1 2
(q 4 − 2q 3 + q). The set of F q -rational places ofR q has size q 3 + 1 and consists of the places centered at the affine points ofR q lying on the plane t = 0, together with P ∞ . Also,R q has no F q 2 -or F q 3 -rational places which are not F q -rational. The automorphism group Aut(R q ) ofR q has the following subgroups:
• A cyclic group C m generated by the automorphism τ : (x, y, t) → (x, y, λt), where λ ∈ F q 4 is a primitive m-th root of unity; C m is the Galois group of the coverR q → R q .
• A group LR(q) lifted by R(q) and generated by the automorphismsψ a,
The full automorphism group Aut(R q ) ofR q was computed in [16] and is a direct product R(q) × C m , whereR(q) ∼ = R(q). Also, Aut(R q ) has exactly two short orbits: one short orbit O 1 has length equal to q 3 + 1 and coincides withR q (F q ); the other short orbit O 2 has size |R(q)|, and hence the stabilizer in Aut(R q ) of a place in O 2 has order m. The contribution to the different divisor of every element in Aut(R q ) is also described, as summarized in the following lemma.
. . , m − 1 and one of the following cases occurs.
• o(σ) = 3, σ is in the center of a Sylow 3-subgroup, i(σ) = m(q +3q 0 +1)+1 = q 2 −q +2, and i(στ k ) = 1 for all k = 1, . . . , m − 1;
• o(σ) = 3, σ is not in the center of any Sylow 3-subgroup, i(σ) = m(3q 0 + 1) + 1 = q 2 − q + 2 − mq, and i(στ k ) = 1 for all k = 1, . . . , m − 1;
• o(σ) = 9, i(σ) = m + 1, and i(στ
• o(σ) = 2, i(σ) = q + 1, and i(στ
• o(σ) = 6, i(σ) = 1, and i(στ
• o(σ) | (q + 3q 0 + 1), i(σ) = 0, and i(στ k ) = 0 for all k = 1, . . . , m − 1;
for exactly one j ∈ {1, . . . , m − 1}, and i(στ k ) = 0 for all k ∈ {1, . . . , m − 1} \ {j}.
As forS q , we prove the simmetricity of H(P ∞ ). 
Proof. Starting with the plane model of R q given in [20, Section 12.4] , the claim follows by arguing as in the proof of Theorem 2.7.
3 AG codes fromS q andR q with many automorphisms
AG codes fromS q
In this section we use the notation of Section 2.4.1. Let
The set G is the intersection betweenS q and the plane t = 0. Also, G and D are respectively the non-tame orbit O 1 and the tame orbit O 2 of Aut(S q ). Fix r ∈ N and define the F q 4 -rational divisors
of degree r(q 2 + 1) and
Next result follows as a corollary of the Riemann-Roch Theorem, see [45] .
where M is a diagonal matrix in which the entries are t(P 1 ) r , . . . , t(P n ) r ∈ F q 4 . This implies that the matrix M defines a monomial isomorphism between C and C(D, G ′ ).
We determine a group of automorphisms of C inherited from the automorphisms ofS q .
Lemma 3.3. Any non-trivial element of
Proof. Let g ∈ Aut(S q ) \ {id}. If g is a 2-element, then g fixes exactly one place ofS q becauseS q is F q 4 -maximal; see [20, Lemma 11.129 ]. If g is not a 2-element, then the number of fixed places of g equals i(g), which is determined in Lemma 2.4. Then the claim follows from Lemma 2.4.
Since n = deg(D) > q 2 + 1, Proposition 2.3 and Lemma 3.3 yield the following result.
Corollary 3.4. The automorphism group of C admits a subgroup isomorphic to
(Aut(S q ) ⋊ Aut(F q 4 )) ⋊ F * q 4 . 12
AG codes fromR q
In this section we use the notation of Section 2.4.2. Let
The set G is the intersection betweenR q and the plane t = 0. Fix r ∈ N and consider the F q 6 -rational divisors
of degree r(q 3 + 1) and
From the Riemann-Roch Theorem we get the following result.
Proposition 3.6. C is monomially equivalent to the one-point code C(D, r(q 3 + 1)P ∞ ).
Proof. Since G = r(q 3 + 1)P ∞ + (t r ), the claim follows as in the proof of Proposition 3.2.
Lemma 3.7. Any non-trivial element of Aut(R q ) fixes at most q 3 + 1 F q 6 -rational places of R q .
Proof. Arguing as in the proof of Lemma 3.3, the claim follows from Lemma 2.8.
Since n = deg(D) > q 3 + 1, Proposition 2.3 and Lemma 3.7 yield the following result.
Corollary 3.8. The automorphism group of C admits a subgroup isomorphic to
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4 Dual codes of one-point codes fromS q
In this section we construct dual codes C ℓ (P ∞ ) of one-point AG codes on the curveS q , and we compute explicitely the Feng-Rao minimum distance of C ℓ (P ∞ ). Denote
For every ℓ ≥ 1, the Feng-Rao function is defined as
where D = P ∈Sq(F q 4 )\{P∞} P is a divisor supported at all F q 4 -rational places ofS q but P ∞ . Then the Feng-Rao minimum distance
is a lower bound for the minimum distance of
Proof. In general, d ORD (C ℓ (P ∞ )) ≥ ℓ + 1 − g and equality holds for every ℓ ≥ 2c − g − 1, where c = max{m ∈ Z : m − 1 / ∈ H(P ∞ )} is the conductor of H(P ∞ ). From Theorem 2.5, c = 2g − 1 and the claim follows. Proposition 4.2. For every ρ ℓ+1 = 2g − 1 + e, with e ∈ H(P ∞ ) \ {0},
Proof. As H(P ∞ ) is symmetric by Theorem 2.5, the claim follows from [3, Theorem 4.6].
The following tables show explicitly the parameters of the codes C ℓ (P ∞ ) in the case q = 8. In particular, we present their length n = 29184, their dimension k, their Feng-Rao minimum distance d ORD , an upper bound n + 1 − k − d ORD for their Singleton defect δ = n + 1 − k − d, and an upper bound 
Quantum codes fromS q
In this section we construct quantum codes from families of one-point AG codes onS q , using the so-called CSS construction which allows to construct quantum codes from classical linear codes; see [32, Lemma 2.5]. Let q be a prime power and H = (C q ) ⊗n = C q ⊗· · ·⊗C q be a q n -dimensional Hilbert space. Then a q-ary quantum code C of length n and dimension k is defined as a q k -dimensional Hilbert subspace of H. If C has minimum distance d, then C can correct up to ⌊ 
As an application of Lemma 5.1 to AG codes, La Guardia and Pereira proposed in [32] the following general t-point construction.
Lemma 5.2. [32, Theorem 3.1](general t-point construction) Let X be a non-singular curve on F q of genus g and with n + t distinct points F q -rational for some n, t > 0. For every i = 1, ..., t, let a i , b i be positive integers such that a i ≤ b i and
By applying Lemma 5.2 to one-point AG codes onS q , the following result is obtained.
Then there exists a quantum code with parameters
We can also apply the CSS construction to dual codes of one-point AG codes onS q . We keep the notation of Section 4. Let a = ρ ℓ ∈ H(P ∞ ) and b = ρ ℓ+s ∈ H(P ∞ ) with s ≥ 1. Denote by C 1 and C 2 the codes C ℓ+s := C ℓ+s (P ∞ ) and C ℓ := C ℓ (P ∞ ), respectively. Then C 1 ⊂ C 2 . Also, the dimensions k 1 and k 2 respectively of C 1 and C 2 satisfy k 2 = n − h ℓ and k 1 = n − h ℓ+s = n − h ℓ − s, where h i is the number of non-gaps at P ∞ which are smaller than or equal to i. The CSS construction now provides a [[n,
where
Also, from Theorem 2.5 and Proposition 4.1,
Hence, the following result has been proved. 
The following table show In this section we construct weak Castle codes from the curveS q ; we refer to [39] for notation and results on weak Castle curves and weak Castle codes. Let X be a curve on F q and Q be an F q -rational place of X . Then the pair (X , Q) is called weak Castle if the following conditions are satisfied.
C1)
The Weierstrass semigroup H(Q) is symmetric. C2) For some integer ℓ, there exists a morphism f : X → P 1 = F q ∪ {∞} such that (f ) ∞ = ℓQ and there exists a set U = {α 1 , ..., α h } ⊆ F q , such that for every i = 1, ..., h,
where f −1 (α i ) = {P 
( is a Sylow 2-subgroup of Aut(S q ). As S fixes t, we have K(t) ⊆ K(S q /T ). On the other side,S q /T is rational by [20, Theorem 11.78] . Hence, K(t) = K(S q /T ). The pole divisor of t is (t) ∞ = q 2 P ∞ . Also, T acts semiregularly onS q \ {P ∞ }; being F q 4 -rational, T acts semiregularly on the q 5 − q 4 + q 3 places inS q (F q 4 ) \ {P ∞ }. Let U = {α 1 , . . . , α q 3 −q 2 +q } ⊆ F q 4 be the set of places of P 1 ∼ =S q /T lying underS q (F q 4 )\{P ∞ }. Then Condition C2) is satisfied by choosing ℓ = q 2 , f = t, h = q 3 − q 2 + q. 
As the tables in Section 4 show, the Feng-Rao minimum distance often improves the Goppa designed minimum distance. Thus, Bound (5) improves in general the lower bound d ≥ min{d ORD (C a ), d 1 }.
Convolutional codes fromS q
In this section we construct convolutional codes using a result by De Assis, La Guardia, and Pereira [7] which allows to construct unit-memory convolutional codes with certain parameters (n, k, γ; m, d f ) starting from AG codes. Consider the polynomial ring R = F q [X]. A convolutional code C is an R-submodule of rank k of the module R n . Let G(X) = (g ij (X)) ∈ F q [X] k×n be a generator matrix of C over F q [X], γ i = max{deg g ij (X) | 1 ≤ j ≤ n}, γ = k i=1 γ i , m = max{γ i | 1 ≤ i ≤ k}, and d f be the minimum weight of a word c ∈ C. Then C is an (n, k, γ; m, d f ) q -convolutional code, having length n, dimension k, degree γ, memory m, and distance d f . When m = 1, C is said to be a unit-memory convolutional code. For a detailed introduction to convolutional codes, see [7, 41] . We apply Lemma 7.1 to one-point AG codes fromS q .
Proposition 7.2. Consider the curveS q and a non-gap ρ ℓ ∈ H(P ∞ ) at P ∞ such that q 3 − 2q 2 + q − 2 < ρ ℓ < q 5 − q 4 + q 3 . Then there exists a unit-memory convolutional code with parameters (n, k − s, s; 1, d f ≥ d ORD (C ℓ (P ∞ ))) q 4 , where n = q 5 − q 4 + q 3 , s ≤ k/2, and k = ρ ℓ + 1 − Proof. The claim follows by applying Lemma 7.1 to the code C ℓ (P ∞ ) constructed as in Section 4, and using that
Corollary 7.3. Consider the curveS q and a non-gap ρ ℓ ∈ H(P ∞ ) at P ∞ such that q 3 − 2q 2 + q − 2 < ρ ℓ < n where n = q 5 − q 4 + q 3 . Let ℓ ≥ 
